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Reliable reasoning is a system problem

Not just a better next-token predictor.

Strong reasoning emerges when
learning is placed inside a loop with
exact feedback, search, human
control, and adaptation.

[ predict } [ check J [ search ] [ progress ] [ human J adapt

Today’s path: failure — formal feedback — neuro-symbolic systems — human—Al workflows — adaptive agents — verified software.




MOTIVATION

A failure that feels almost human

A-Not-B errors: a model keeps following an old, trivial pattern after the context changes.
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In-Context Learning May Not Elicit Trustworthy Reasoning: A-Not-B Errors in Pretrained Language Models, EMNLP 2024.
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Reasoning failures are not isolated bugs

They recur across intuitive, logical, mathematical, and embodied settings.

Failure Categories

Subsections Robustness Limitation " Fundamental
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Large Language Model Reasoning Failures, TMLR 2026, Recognized with Survey Certification.



The neuro-symbolic promise

Let neural models generate; let symbolic tools verify.

Natural collaboration

LLMs are strong generators: guesses, tactics, plans,
code.

Formal tools are strong judges: parse, type-check,
verify.

Not “neural vs. symbolic”: the point is
the interface.




What Lean gives the loop

A proof assistant turns reasoning into exact state transitions.

4 N ( )
context
hp: P — goal
hpq:P - Q -Q
example (P Q : Prop)
(hp c P) \_ J \_ J
(hpg : P —> Q) : Q := by
apply hpg
assumption
tactic new goal
apply hpq P
s 1. = TLean(s(], all) The model proposes an action; Lean either accepts it and

returns a new state, or rejects it with rich feedback regarding
e.g. type mismatches.



FORMALIZATION

Reasoning as sequential decision making

The proof becomes a trajectory through states.

do ai a2

So _ ~ > t
initial goal - St S solved
success ¢ no goals
all~m0O(a|sl) s+ =TLean(s[ !, al)) 9

left



Learning the next proof step

Classification: proof state in, tactic/action distribution out.

Training data

mO(a | s) = PO(next action = a | proof state = s)

:hp : P, hpg : P - Q- Q
: apply hpq

L(8) = - Zi log 10O(ai | si)

:hp : PEP
: assumption




LEANDOJO

LeanDojo: opening the Lean «— ML loop

Infrastructure for data extraction, programmatic interaction, and reproducible theorem-proving research.

Prove theorems
by Interaction

LeanDojo Benchmark

* 96,962 theorems and proofs
e 212,787 tactics

128,163 premises

Data

extraction Training

Lean Machine learning
model

LeanDojo: Theorem Proving with Retrieval-Augmented Language Models, NeurlPS 2023, Oral Presentation

7

/, \\\
Proof tree n:N Local context K
Fgednn=n I Goal
Tactic
cases n

k:N
Fged(k+1)(k+1)=k+1

unfold ged

k:N

Foged ((k+1) % (k+1)) (k+1)=k+1

unfold ged

rewrite mod_self

.

k:N
FgedO(k+1)=k+1
l apply ged zero left
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All accessible premises
in the math library

theorem mod_self (n : nat) : n % n =0

theorem gecd_zero_left (x : mat) : gcd 0 x = x

33K on average

def gecd : nat -+ nat - nat - g




RETRIEVAL

ReProver: retrieval makes large libraries usable

A prover must choose from a vast premise library before generating a useful tactic.

State A3k

Fged((k+1)% (k+1))(k+1)=k+1 :

Encoder—decoder>—> rewrite mod_self

All accessible premises
in the math library

theorem mod_self (n : mat) : n % n = 0 _'lw

theorem gecd_zero_left (x : nat) : ged 0 x = x

33K on average

def gecd : nat -+ nat -+ nat

Maximum
cosine similarity

—y

LeanDojo: Theorem Proving with Retrieval-Augmented Language Models, NeurlPS 2023, Oral Presentation

Tactic
theorem mod_1t (x : nat) {y : nat} (h : 0<y) : x %y <y
theorem mod_self (n : nat) : n % n =0
theorem mod_eq_of 1t {a b : nat} (h : a<b) : a’% b=a
theorem zero_mod (b : mat) : 0 % b =0

Retrieved premises

10



Prediction alone is not reasoning

Alegal, likely step can move the proof away from success.

A tiny theorem

R, Qs—R, Q:2—-Q;, Q—>Q: FR

Trivial proof:
assumption

Tempting but bad path:

R—- Qs — Q:— Qx

greedy policy Lean accepts

S

chooses apply the tactic
new subgoal eventually
Qs stuck at Q:

Verification gives local validity; search
gives strategic recovery.
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SEARCH

Search + verifier: generate, check, recover

Keep alternatives alive instead of committing to the first accepted step.
root
FR

assumption apply hs other tactic
SOLVED F Qs rejected
apply h: .
_ F Q2 The solved branch can still be found
Best-first score .
after a locally attractive detour.

2 log mO(all | s[)
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Lean Copilot: Al inside the proof workflow

A shift from autonomous theorem proving to interactive assistance.

Machine learning researchers work on theorem proving

Lean < Machine learning model

Learning-based proof automation tools for Lean users

Lean Copilot: LLMs as Copilots for Theorem Proving in Lean, NeuS 2025. 13



Lean Copilot: Al inside the proof workflow

A shift from autonomous theorem proving to interactive assistance.

o —— ———— —— —— —— ——————— —— ——

/ Lean Copilot N

——

Locally with
CTranslate2

Lean Copilot: LLMs as Copilots for Theorem Proving in Lean, NeuS 2025. 14



Who should control the proof?

Human—Al formalization is not simply “maximize automation.”
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People’s preferences are diverse, but many want Al assistance that preserves
high-level control and agency over proof discovery.

Human Agency in Initial Human-Al Proof Formalization Workflows, NeurlPS 2025 MATH-AI Workshop + Under Journal Review.

Form. exp.
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Progress, not just probability

Alocal policy needs a global sense of distance-to-goal.

Policy question Progress question
mo(a | s) do(s) = steps remaining
What action looks likely next? Where will this action leave me?

priority(s) = 2 log m0(all | s[J) = A do(s)

LeanProgress: Guiding Search for Neural Theorem Proving via Proof Progress Prediction, TMLR 2025.

16



PROGRESS

LeanProgress: a critic for proof search

Estimate remaining steps, then use the estimate to prioritize search.

Proof Tree

[a:w

Data Construction

Progress Prediction Integration with LeanCopilot
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LeanProgress: Guiding Search for Neural Theorem Proving via Proof Progress Prediction, TMLR 2025.
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The library keeps growing

Real mathematics is not a fixed train/test split.

Static assumption

Dtrain = Dtest

A fixed model is evaluated after New repositories, definitions,
the world stops changing. theorems, proof styles, and
dependencies keep arriving.

Challenge: learn new knowledge without forgetting old knowledge.

LeanAgent: Lifelong Learning for Formal Theorem Proving, ICLR 2025. 18



LeanAgent: lifelong theorem proving

A theorem prover that adapts as mathematical knowledge expands.

ﬂitHub Repositories Extract Data LeanAgent Diiaile Databag
Per Repository theorem + proof ' )
_— theorem + proof _— Curriculum Learning S @ ]
n - e ; 7

Repeat For Each Repository

B —— [ Premise Corpus Theorems + Proofs] E — [ Progressive Training] _— [sor‘ry Theorem Proving

=

J

( Curriculum Learning

\

_ Theorem Complexities [ complexity: 2.7
Complerity — complexity: 7.4  —— — SSoe

# Proof Steps Easy Medium Hard Descending # Easy Theorems

Progressive Training

Rthat'est Liiitsd EXposure Balanced Training ReTr?:/er
etriever
= — | ., e
Stability Plasticity
sorry Theorem Proving
Retrieved Premises
w/ Updated Retriever Generated Tactics Best-First Tree Search

New Proofs

theorem A
appl remise
[ sorry Theorems] — [ lemma ] + o yp + 5‘ E =

7

LeanAgent: Lifelong Learning for Formal Theorem Proving, ICLR 2025.
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Adaptation is a general agent problem

Where should a reasoning system change when tasks and context grow?

model weights context + memory skills + tools environment
post-training retrieve / update compose / improve feedback loops

LeanProgress adapts search behavior with a progress signal; LeanAgent adapts to new
libraries. The same design space appears in agentic Al broadly.

Adaptation of Agentic Al: A Survey of Post-Training, Memory, and Skills.

20



AGENTS

Adaptation is a general agent problem

Where should a reasoning system change when tasks and context grow?

Adaptation of Agentic Al: A Survey of Post-Training, Memory, and Skills.

Agent Adaptation
SFT

(@ Agent Adaptation
sFT & (T} i i
A1 Tool Execution_ Signaled :
Agent Adaptation - ‘ (II .7_ y L & a —.—» yQ
A2 Agent Output Signaled al l Y CLI l Yy

Tool Adaptation

! +==, Any Tuning
Agent-Agnostic !
T1 Tool Adaptation :_.7:
SFT
Agent-Supervised /
T2 Tool Adaptation aI l Yy Y l I a
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From math proofs to verified software

The same loop applies when the artifact is code plus a proof.

4 )
program
\ J
specification
4 )
proof
\_ J

[ checker } \
certificate

of correctness

s

|7
™%
|

Stronger guarantee: not just “the generated
code passes tests,” but “the code satisfies
a formal specification.”

22



Vero: repository-scale verified software

Can agents make coherent implementation-and-proof choices across modules?

43 743 2,705 27143

repository-level APls formal best full
instances specifications solutions

Key shift: from single functions to multi-module repositories with interacting APls, specs,
and dependencies.

Vero: Can Al Agents Build Formally Verified Software Repositories?, Under Review at Conference.

23



VERIFIED CODING

Vero: repository-scale verified software

Can agents make coherent implementation-and-proof choices across modules?

S €@ BENCHMARK CURATION

O [

REAL-WORLD
REPOSITORIES

3 repository/
3 sre/

R ->

13 Formal Sources

» 9

30 Python Sources

e

O

HUMAN-GATED

CURATION

® :=Q piscover
® E=3 Select + Plan

® @ Translate

® 5 Spec Write
(Python Only)

® =2 validate

(cISHIEVN

CURATED LEAN 4
BENCHMARK

Provided APl a; € A
Data types + helpers
APls A ={ay,...,a;}
=P —
Specs S ={sy,...,Sq}
Reference Impl
- Implement APl a; € A

743 Scored APIs
2,705 Scored Specs

@ @ FORMAL AUDIT ROUTE

—. Reference impl

E Individual spec
=X violates specification

== unsatisfiable

Vero: Can Al Agents Build Formally Verified Software Repositories?, Under Review at Conference.

& @ AGENT GENERATION

@ X E PROOF-ONLY MODE

( Prove Spec s, €S }

@® <> = copE + PROOF MODE

Prove Spec s; €S

Specs jointly
inconsist

© © EVALUATION

-0
INDEPENDENT
GRADER

—p & Rebuild from clean state

@ Enforce axiom allowlist

@ Prevent cheating
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VERIFIED CODING

P3: plan program and proof together

Implementation choices can make the later proof easy—or impossible.

Sequential baseline

[ spec ]—>[ code ]—>[ repair proof ]

Code-first decisions can lock in proof-hostile structure.

P2 workflow

B Spec o <[> Program = ® Proof x 2 Verifier

what to build write the code prove correctness check code + proof
A

(a) Program-then-proof ' & patch & retry

© Artifacts meet late at verification time; mismatches trigger coupled code/proof repair.

</> Program =
elaborate code

. - e
B Spec o %" Plan p 2 Verifier
what to build shared sketch check code + proof
@ Proof «
(b) P? (Our proposed framework) elaborate proof

@ Artifacts agree by construction via the shared plan; consistency is designed in, not repaired afterward.

P3: Joint Program-and-Proof Planning for Verified Code Generation, Under Review at Conference.

Core lesson

Verified code generation is not
two independent problems. The
program and its correctness
argument should be designed
hand in hand.

P2 = Joint Program-and-Proof Planning
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Where else can formal reasoning lead?

Anywhere we can specify what we want and check evidence that we got it.

verified scientific
software computing
formal hardware
math & protocols
agent
evaluation
Open question Can Al explore creatively while correctness is enforced by something

stronger than model confidence?

26



Now build the loop

Notebook walkthrough
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